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We use an effective one-dimensional Gross–Pitaevskii equation to study bright matter-wave solitons held in a
tightly confining toroidal trapping potential, in a rotating frame of reference, as they are split and recombined on
narrow barrier potentials. In particular, we present an analytical and numerical analysis of the phase evolution
of the solitons and delimit a velocity regime in which soliton Sagnac interferometry is possible, taking account
of the effect of quantum uncertainty.
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A Bose–Einstein condensate (BEC) with attractive inter-
atomic interactions can support soliton-like structures referred
to as bright solitary matter-waves [1–5]. These propagate
without dispersion [6], are robust to collisions with other
bright solitary matter-waves and with slowly varying external
potentials [7, 8], and have center-of-mass trajectories well-
described by effective particle models [9–11]. Such soliton-
like properties are due to the mean-field description of an
atomic BEC reducing to the nonlinear Schrödinger equation
in a homogeneous, quasi-one-dimensional (quasi-1D) limit,
which for the case of attractive interactions supports the bright
soliton solutions well-known in the context of nonlinear op-
tics [12–16]. The quasi-1D limit is experimentally challeng-
ing for attractive condensates [17], but solitary wave dynamics
remain highly soliton-like outside this limit [3, 8].
A bright solitary wave colliding with a narrow potential
barrier is a good candidate mechanism to create two mutu-
ally coherent localised condensates, much as a beam-splitter
splits the light of an optical interferometer. This has been
extensively investigated in the quasi-1D, mean-field descrip-
tion of an atomic BEC [18–28], and sufficiently fast collisions
do lead to the desired beam-splitting effect [23, 24]. Conse-
quently, bright solitary matter-waves, with their dispersion-
free propagation, present an intriguing candidate system for
future interferometric devices [2, 8, 18, 29–34]. Previous
work [25, 33, 35] considered a Mach–Zehnder interferometer
using a narrow potential barrier to split harmonically trapped
solitary waves, based on the configuration of a recent experi-
ment [5]. These demonstrated one can also recombine soli-
tary waves if they collide at the barrier; the collision dynam-
ics are explained more fully in [18]. In these collisions, the
relative atomic populations within the two outgoing solitary
waves are governed by the relative phase ∆ between the in-
coming ones. The mean-field nonlinearity can lead to the
relative populations of the outgoing waves exhibiting greater
sensitivity to small variations in the phase ∆; however, simu-
lations including quantum noise in the initial condition [35] or
via the truncated Wigner method [36], demonstrated that en-
hanced number fluctuations counteract this improvement [33].
We extend the framework of soliton interferometry to mea-
surement of the Sagnac effect, first observed in an atom inter-
ferometer by Riehle et al. [37]. In this experiment the obser-
FIG. 1. Stages of Sagnac interferometry. An incoming soliton splits
at time Ts on a barrier into two solitons of equal amplitude and op-
posite velocity. After circumnavigating the ring trap, at time Tc the
solitons recombine either at the same barrier (a), or a second barrier
(b) antipodal to the first, illustrated in both cases with angular rota-
tion Ω = 1.875×10−3, and ring circumference L = 40pi. The resulting
phase difference, incorporating the Sagnac phase due to the rotating
reference frame, is read out via the population difference in the final
output products within the positive (shaded) and negative domains.
(c) Final population in the positive domain I+ as a function of Ω, with
L = 40pi and initial soliton velocity v = 4. The sensitivity of the sin-
gle barrier case (dashed line) is twice that of the double barrier case
(solid line) because the interrogation time Tc − Ts is doubled.
vation manifested as a shift in the Ramsey fringes produced by
passing an atomic beam of 40Ca through four travelling waves
in a Ramsey geometry, producing an atomic beam interferom-
eter. What we present differs from the Riehle setup in two
ways. Firstly, in [37] some phase information is transported
optically. In our system atom-light interactions serve only to
coherently split the condensate; any resulting phase dynamics
are incidental. Secondly, our system results, not in an interfer-
ence fringe shift, but a population shift between the positive
and negative domains of the interferometer. The Sagnac ef-
fect is inferred from measurements of particle numbers [38]
in the spatially distinct condensates on either side of the bar-
rier, and not the structure of those condensates. (which are
expected to remain soliton-like). We consider an experimen-
tal configuration, contained entirely within a rotating frame,
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2where there is a smooth ring-shaped trapping potential (im-
plemented by, e.g., using a spatial light modulator [39], time-
averaging with acousto-optic deflectors [40], or imaging an
intensity mask [41]) and narrow barriers realised with optical
light sheets, focussed using high numerical aperture lenses.
Solitons, initially produced in an optical trap, can be adia-
batically transferred into the ring, with the initial velocity set
by moving the optical potential during the transfer [42]. Key
sources of error include: uncertainty in the value of the soli-
ton velocity relative to the barrier strength and, in turn, the
barrier transmission level [18]; initial particle number, which
determines the ground-state energy and so sets the low-energy
splitting threshold, close to which the system becomes sensi-
tive to otherwise small fluctuations in the velocity [33]; and
measurement of final particle number.
Within the Gross–Pitaevskii equation (GPE) framework,
we consider N bosonic atoms of mass m and scattering length
as, in an effective 1D configuration due to a tightly confining
(frequency ωr) harmonic trapping potential in the degrees of
freedom perpendicular to the direction of free motion, imply-
ing an interaction strength of g1D = 2~ωras per particle. We
use “soliton units” [10] (equivalent to ~ = m = |g1D|N = 1),
where position, time and energy are in units of ~2/m|g1D|N,
~3/mg21DN
2, and mg21DN
2/~2 [43]. To describe a tightly con-
fining toroidal trap geometry (or ring trap), we introduce pe-
riodic boundary conditions over the domain −L/2 < x ≤ L/2,
where L is the dimensionless form of the circumference [35].
It is common to discuss Sagnac interferometry and ring sys-
tems in terms of an angle coordinate θ = 2pix/L [38, 44]; we
choose not to, making it easier to draw on earlier work on
splitting solitons at narrow barriers [18, 23, 24, 35]. Consid-
ering the dynamics within a frame rotating with dimensionless
angular frequency Ω results in the following GPE:
i
∂ψ(x)
∂t
=
[
− 1
2
∂2
∂x2
+ iΓ
∂
∂x
+
q
σ
√
2pi
e−x
2/2σ2
+ (nb − 1) q
σ
√
2pi
e−(x±L/2)
2/2σ2 − |ψ(x)|2
]
ψ(x),
(1)
where Γ = ΩL/2pi [which we can also write in terms of the
dimensional circumference LD and angular frequency ΩD as
Γ = (~/|g1D|N)ΩDLD/2pi], and ψ is the (unit norm) conden-
sate wave function. Note the two barrier terms; presence or
absence of the second barrier implies two different forms of
Sagnac interferometry: one where both solitons perform full
circumnavigations of the ring, enclosing the area within the
ring twice; and one where each soliton circumnavigates a dif-
ferent half of the ring, enclosing the area once. These cases
are distinguished by nb = 1 for the first (single barrier) case
and nb = 2 for the second (two antipodal barriers) case; the
second barrier term is zero for nb = 1 [see Fig. 1(a)] and iden-
tical to the other barrier term, up to a spatial offset, for nb = 2
[see Fig. 1(b)]. All simulations were carried out with σ = 0.2;
this width is suitably narrow to approximate a delta function
for collisional velocities up to v = 4.0 [45], corresponding to
a (variable, depending on the ring circumference) dimension-
FIG. 2. Numerically calculated transmission into the positive domain
after the second collision, I+, for the two Sagnac interferometry ge-
ometries shown in Fig. 1. Colormaps for the (b) two barrier and (d)
single barrier cases show the 0.16 < v < 4, 0 < Ω × 103 < 2.5
parameter space. Panels (a) and (c) show specific curves of con-
stant v for these scenarios [for v = 0.52 (dashed-dotted line), v = 1
(dashed line), and v = 4 (solid line)], and highlight how the different
interrogation times result in a different Sagnac phase accumulation.
The phase difference is varied by varying Ω while keeping L = 40pi
[hence the v ranged over in panels (b) and (d) correspond to dimen-
sionless angular velocities of between ω = 0.008 and ω = 0.2].
less angular velocity of ω = 2piv/L.
We obtain soliton solutions to Eq. (1) (in the absence of
splitting potentials and periodic boundary conditions), i.e., the
usual nonlinear Schrödinger equation in a frame moving with
velocity Γ, by the Galilean invariance of the standard soliton
profile [14]. The (amplitude A) invariant soliton solution is
ψ˜(x˜, t) = Asech(A[x˜ − Vt]) exp(iV x˜ + i[A2 − V2]t/2); the tilde
notation denotes the stationary frame of reference. A soliton
moving with velocity v in a frame moving with velocity Γ is
moving at velocity V = v + Γ in the stationary frame. In the
moving frame, where x = x˜ − Γt, we obtain
ψ(x, t) =Asech(A[x − vt])
× exp(i[v + Γ][x + Γt] + i{A2 − [v + Γ]2}t/2). (2)
Assuming L  1 (a parameter regime far from the critical
point described in [44]), Eq. (2) is a valid solution to Eq. (1).
We now outline the three-step process of soliton Sagnac-
interferometry, common to both (nb = 1, 2) configurations;
later we will analyse the system phase evolution fully. First,
a ground state soliton is split into two secondary solitons, of
equal size and a specific relative phase, at a narrow poten-
tial barrier [time Ts in Fig. 1(a)(ii) and (b)(ii)]. We obtain
an equal split by selecting the barrier’s strength q [46] for a
given incident velocity v [47] and barrier width σ. It is the
velocity v in the frame comoving with the barrier that must
be known; the value of the frame velocity Γ (itself due to the
angular frequency Ω) does not affect the outcome. In the sec-
ond step the secondary solitons accumulate a further relative
phase difference δS. This is the Ω-dependent quantity we wish
3FIG. 3. Results of Monte Carlo simulations used to model ef-
fects of quantum uncertainty for a range of v0, N and Ω. (a–
d)(i) Scatter plot of the solitons’ collisional velocity vb for ensem-
bles of individual simulations. In (d)(i), the higher gradient of the
curves through the points implies the detected transmission I+ is
less sensitive to quantum fluctuations. (a–d)(ii) Sample distribu-
tions of the simulation outcomes. For each N, v0 pair we explored
Ω × 103 = 0, 6.25, 12.50, 18.75, 25, corresponding to Sagnac phases
of δS = 0(+), pi/2(◦), pi(4), 3pi/2(), 2pi(×) respectively. The sim-
ulations were carried out in a two barrier system, with L = 40pi
(hence the v0 values correspond to dimensionless angular velocities
ω = 0.05, 0.1). The I+ peak locations are consistent with the GPE-
predicted nonlinear skew for these velocities [18] (see also Fig. 2).
to measure, gained as a result of the differing path lengths trav-
elled by counter propagating waves in a moving frame [time
Ts < t < Tc in Fig. 1(a)(ii) and (b)(ii)]. Finally, the two soli-
tons collide at a narrow barrier [time Tc in Fig. 1(a)(ii) and
(b)(ii)]. After this collision the wave-function integrals on ei-
ther side of the barrier, I± = ±
∫ ±L/2
0 |ψ(x)|2 dx, allow us to
determine the value of δS [18, 35], where I+ and I− are the
positive and negative domain populations. These are ideally
determined with an atom number variance below one parti-
cle, i.e., exact particle counting at output. This is a challenge
facing the whole field of atom interferometry, particularly for
experiments pursuing Heisenberg-limited measurements. Sin-
gle atom resolution has been achieved using a variety of tech-
niques [48–57] for small numbers (N ∼ 10) and has recently
[58] been extended to mesoscopic ensembles (N ∼ 1000) typ-
ical of the output states of the soliton interferometer.
To determine how the Sagnac effect manifests in GPE soli-
ton interferometry, we must describe the phase dynamics
more fully. After the initial split at time Ts, the transmitted
soliton (in the positive domain) has peak phase φT(t) (value
of the phase at the position of the soliton’s peak amplitude),
while that reflected (in the negative domain) has peak phase
φR(t). We wish to determine the phase difference ∆ between
the solitons before they collide with one another at a barrier
at time Tc, i.e., ∆ = (−1)nb [φT(Tc) − φR(Tc)] [the prefactor
(−1)nb changes the sign of the phase difference to account for
the solitons approaching the collisional barrier from different
directions depending on the value of nb]. In both cases we
choose Ts = L/4v (the initial soliton starts at x = −L/4). If
nb = 1 the solitons created by the splitting event must both
fully circumnavigate the ring before colliding at the same bar-
rier, while for nb = 2 the solitons only travel half the distance;
hence Tc = Ts + L/nbv. In the limiting case of a δ-function
barrier, the first (splitting) step causes the transmitted soliton
to be phase shifted by pi/2 ahead of the (equal amplitude)
reflected soliton, as shown analytically in [35]. We use this
figure as an estimate of the phase difference accumulated by
splitting on a Gaussian barrier [18]; see [25] for a discussion
of phase shifts accumulated with finite-width barriers. We se-
lect a Gaussian profile for the barrier, as is typical for exper-
imental setups involving off-resonant sheets of light [4], and
take φT(Ts) = φR(Ts) + pi/2. We obtain the phase evolution
at the peak of an individual soliton by taking the imaginary
part of the exponent of Eq. (2) and setting x = vt, giving
(up to an initial offset) φs(t; v) = [A2 + (Γ + v)2]t/2. Hence,
φR(t) = φs(t− Ts;−v), φT(t) = φs(t− Ts; v) + pi/2, and the final
phase difference between the solitons is
∆ = (−1)nb (2ΓL/nb + pi/2). (3)
Without a second barrier (nb = 1), the solitons mutually
collide at the point antipodal to the splitting barrier. As this
occurs in the absence of any axial potentials or barriers, the
solitons are unaffected beyond asymptotic shifts to position
and phase [14, 59], given by
A jδx j + iδφ j = (−1)k ln
(
A j + Ak + i[v j − vk]
A j − Ak + i[v j − vk]
)
(4)
where j, k ∈ {1, 2} and j , k. The quantities δx j and δφ j
are asymptotic position and phase shifts associated with the
jth soliton, while v j and A j describe that soliton’s velocity
and amplitude. Associating the soliton transmitted through
4the barrier at time Ts with j = 1, we obtain the correct sign for
our asymptotic shifts. In our case, noting that A1 = A2 = 1/4
we determine the relative phase shift, and the relationship be-
tween the position shifts which arise as a result of this colli-
sion to be:
φC = δφ2 − δφ1 = Im{ln(16v2/[16v2 + 1])} = 0,
A jδx j = [(−1)k/2] ln(1 + 1/16v2) = −Akδxk.
(5)
Both results use the standard complex logarithmic identity
ln(z) = ln(|z|2)/2 + i arg(z). Equation (5) shows us that φC can
be omitted from the calculation of ∆, that δx j → 0 rapidly as
v→ ∞, and also that whatever the size of the asymptotic posi-
tion shift, the solitons are always shifted by equal amounts in
opposite directions, and so will always meet at the collisional
barrier situated at x = 0. Hence, the antipodal collision in the
absence of a barrier does not affect the outcome of Sagnac in-
terferometry if we can assume that the solitons’ accelerations
during the collision do not affect the Sagnac phase accumu-
lation. The analysis supporting this assumption is beyond the
scope of the current work but can be verified numerically. A
potential experimental advantage of the single-barrier config-
uration is that there is no need to locate a second barrier with
great precision relative to the first; that both splitting prod-
ucts traverse exactly the same path before recombining is also
likely to “smooth over” effects of small asymmetries in the
trapping potential.
We can now determine I± by recalling previous results per-
taining to soliton collisions at narrow barriers [18]. Following
the same procedure outlined in [35] we obtain
I± = [1 ± (−1)nb cos(δS − )]/2, (6)
where  → 0 as v → ∞, and δS = |∆| − pi/2 = 2ΓL/nb =
ΩL2/pinb = (m/~)(ΩDL2D/pinb) is the Sagnac phase we wish
to determine. We show results of numerical GPE simulations
in Fig. 2(a,b). For very high velocities, v ≈ 4, the interfer-
ence follows our prediction [Eq. (6)] closely, with very small
skews arising from nonlinear effects during the final barrier
collision, i.e., we can consider  ≈ 0 in this regime. The
nb = 1 (c,d) and nb = 2 (a,b) cases have similar structures,
however for nb = 1 the phase varies twice as quickly, as the
interrogation time per shot is twice as long. Otherwise, the
similarity of the structures supports the assumption that accel-
erations during barrier-free collisions do not affect the Sagnac
phase accumulation. As we reduce the velocity, and the nec-
essary (to avoid complicating nonlinear effects arising from a
slow interaction with the barrier) assumption of high initial ki-
netic energy [23, 24] breaks down, our numerics show that the
preceding analysis no longer holds, and so we conclude that
Sagnac interferometry is not practicable in the v . 1 regime.
This is consistent with previous work delimiting 1 ≥ v ≥ 0.25
as the high-to-low-energy transitional regime [35], and the
results shown here are comparable to those obtained for the
Mach–Zehnder configuration [35].
Figure 3 shows results of Monte Carlo simulations follow-
ing the methodology described in [35], which accounts for
quantum uncertainty in the initial soliton’s center of mass
(CoM) position and velocity by adding Gaussian random off-
sets to the classical soliton’s initial velocity and peak position.
Here we consider a two-barrier system where the soliton is ini-
tially accelerated by a harmonic trap, with frequency ωx and
its minimum at x = −L/4. The soliton is prepared and re-
leased from a position x = −L/4 − x0 (before quantum fluctu-
ations in the CoM are considered). This harmonic trap is then
switched off once the soliton reaches x = −L/4, and its veloc-
ity is v0 = ωxx0. The CoM position and velocity uncertain-
ties contribute to velocity uncertainty at the point of collision,
giving collisional velocities vb that follow a Rician distribu-
tion [35]. Increasing N reduces the widths of the outcome
distributions by reducing the relative significance of quantum
fluctuations, hence making the transmission curves [Fig. 3(a-
d)(i)] steeper. As the gradients of these curves asymptote up-
ward, the distributions of the simulation outcomes [Fig. 3(a-
d)(ii)] become narrower. The distributions for the δS = pi/2
and 3pi/2 sets of simulations should, ideally, be centered on
I+ = 0.5; these distributions do not have the same location,
but approach the ideal (I+ = 0.5) with increasing v0. This is
due to the nonlinear skew interfering with the phase evolution
during the final collision at time Tc, as described in [18], and
predicted by the GPE.
In conclusion, we have employed a GPE treatment to show
how, using a moving bright matter-wave soliton as the initial
condition, a matter-wave Sagnac interferometer can be real-
ized within a quasi-1D toroidal trapping configuration (ring
trap), in combination with one or two narrow Gaussian bar-
riers due to off-resonant sheets of light. Although both con-
figurations are in principle equally effective, we note that the
single-barrier case is likely less susceptible to systematics due
to small asymmetries in an experimental configuration. We
have also explored the effects of quantum fluctuations in the
atomic matter-wave’s center-of-mass position and velocity;
we find that, so long as the initial soliton velocity is suffi-
ciently fast, particle numbers of N & 1000 suffice to give
sharp transmission responses, which can then be interpreted
to deduce a Sagnac phase.
We thank D. I. H. Holdaway, A. L. Marchant, and C.
Weiss for useful discussions, and the UK EPSRC (grant no.
EP/K030558/1) for support.
[1] L. Khaykovich, F. Schreck, G. Ferrari, T. Bourdel, J. Cubi-
zolles, L. D. Carr, Y. Castin, and C. Salomon, Science 296,
1290 (2002).
[2] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R. G. Hulet,
Nature 417, 150 (2002).
[3] S. L. Cornish, S. T. Thompson, and C. E. Wieman, Phys. Rev.
Lett. 96, 170401 (2006).
[4] A. L. Marchant, T. P. Billam, T. P. Wiles, M. M. H. Yu, S. A.
Gardiner, and S. L. Cornish, Nat. Commun. 4, 1865 (2013).
[5] J. H. V. Nguyen, P. Dyke, D. Luo, B. Malomed, and R. G.
Hulet, Nat. Phys. 10, 918 (2014).
5[6] S. A. Morgan, R. J. Ballagh, and K. Burnett, Phys. Rev. A 55,
4338 (1997).
[7] N. G. Parker, A. M. Martin, C. S. Adams, and S. L. Cornish,
Physica D 238, 1456 (2009).
[8] T. P. Billam, S. L. Cornish, and S. A. Gardiner, Phys. Rev. A
83, 041602(R) (2011).
[9] A. D. Martin, C. S. Adams, and S. A. Gardiner, Phys. Rev. Lett.
98, 020402 (2007).
[10] A. D. Martin, C. S. Adams, and S. A. Gardiner, Phys. Rev. A
77, 013620 (2008).
[11] D. Poletti, T. J. Alexander, E. A. Ostrovskaya, B. Li, and Y. S.
Kivshar, Phys. Rev. Lett. 101, 150403 (2008).
[12] V. Zakharov and A. Shabat, Zh. Eksp. Teor. Fiz. 61, 118 (1971).
[13] J. Satsuma and N. Yajima, Prog. Theor. Phys. Suppl. 55, 284
(1974).
[14] J. P. Gordon, Opt. Lett. 8, 596 (1983).
[15] H. A. Haus and W. S. Wong, Rev. Mod. Phys. 68, 423 (1996).
[16] L. Helczynski, B. Hall, D. Anderson, M. Lisak, A. Berntson,
and M. Desaix, Physica Scripta 2000, 81 (2000).
[17] T. P. Billam, S. A. Wrathmall, and S. A. Gardiner, Phys. Rev.
A 85, 013627 (2012).
[18] J. L. Helm, T. P. Billam, and S. A. Gardiner, Phys. Rev. A 85,
053621 (2012).
[19] Y. S. Kivshar and B. A. Malomed, Rev. Mod. Phys. 61, 763
(1989).
[20] T. Ernst and J. Brand, Phys. Rev. A 81, 033614 (2010).
[21] C. Lee and J. Brand, Europhys. Lett. 73, 321 (2006).
[22] X. D. Cao and B. A. Malomed, Phys. Lett. A 206, 177 (1995).
[23] J. Holmer, J. Marzuola, and M. Zworski, Comm. Math. Phys.
274, 187 (2007).
[24] J. Holmer, J. Marzuola, and M. Zworski, J. Nonlin. Sci. 17, 349
(2007).
[25] J. Polo and V. Ahufinger, Phys. Rev. A 88, 053628 (2013).
[26] S. Damgaard Hansen, N. Nygaard, and K. Mølmer, ArXiv e-
prints (2012), arXiv:1210.1681.
[27] M. Minmar, Macroscopic Wave Dynamics of Bright Solitons,
Ph.D. thesis, Stanford University (2012).
[28] F. Kh. Abdullaev and V. A. Brazhnyi, J. Phys. B: At. Mol. Opt.
Phys. 45, 085301 (2012).
[29] S. L. Cornish, N. G. Parker, A. M. Martin, T. E. Judd, R. G.
Scott, T. M. Fromhold, and C. S. Adams, Physica D 238, 1299
(2009).
[30] C. Weiss and Y. Castin, Phys. Rev. Lett. 102, 010403 (2009).
[31] A. I. Streltsov, O. E. Alon, and L. S. Cederbaum, Phys. Rev. A
80, 043616 (2009).
[32] U. Al Khawaja and H. T. C. Stoof, New J. Phys. 13, 085003
(2011).
[33] A. D. Martin and J. Ruostekoski, New J. Phys. 14, 043040
(2012).
[34] G. D. McDonald, C. C. N. Kuhn, K. S. Hardman, S. Bennetts,
P. J. Everitt, P. A. Altin, J. E. Debs, J. D. Close, and N. P.
Robins, Phys. Rev. Lett. 113, 013002 (2014).
[35] J. L. Helm, S. J. Rooney, C. Weiss, and S. A. Gardiner, Phys.
Rev. A 89, 033610 (2014).
[36] P. B. Blakie, A. S. Bradley, M. J. Davis, R. J. Ballagh, and
C. W. Gardiner, Adv. Phys. 57, 363 (2008).
[37] F. Riehle, T. Kisters, A. Witte, J. Helmcke, and C. J. Bordé,
Phys. Rev. Lett. 67, 177 (1991).
[38] P. L. Halkyard, M. P. A. Jones, and S. A. Gardiner, Phys. Rev.
A 81, 061602 (2010).
[39] S. Moulder, S. Beattie, R. P. Smith, N. Tammuz, and Z. Hadz-
ibabic, Phys. Rev. A 86, 013629 (2012).
[40] K. Henderson, C. Ryu, C. MacCormick, and M. G. Boshier,
New J. Phys. 11, 043030 (2009).
[41] L. Corman, L. Chomaz, T. Bienaimé, R. Desbuquois, C. Weit-
enberg, S. Nascimbène, J. Dalibard, and J. Beugnon, Phys. Rev.
Lett. 113, 135302 (2014).
[42] A. Rakonjac, A. B. Deb, S. Hoinka, D. Hudson, B. J. Sawyer,
and N. Kjærgaard, Opt. Lett. 37, 1085 (2012).
[43] Considering 85Rb, and letting ωr = 2pi × 40 Hz, as = −5a0, and
N = 1000, this means σ = 0.2 corresponds to 1.1 µm, and v = 4
corresponds to 0.53 mm s−1.
[44] R. Kanamoto, H. Saito, and M. Ueda, Phys. Rev. A 67, 013608
(2003).
[45] Unlike the δ-function case, for any finite height potential energy
barrier, solitons with sufficiently high incident velocity v will be
able to “pass through,” effectively without interaction, and there
is an upper bound to the values of v over which any finite barrier
functions as a useful soliton splitter [18].
[46] In the limiting case σ→ 0, as v→ ∞ the necessary relationship
between q and v for equal splitting is given by q =
√
2v [18].
[47] Yu. Loiko, V. Ahufinger, R. Menchon-Enrich, G. Birkl, and J.
Mompart, Eur. Phys. J. D 68, 147 (2014).
[48] C. F. Ockeloen, A. F. Tauschinsky, R. J. C. Spreeuw, and S.
Whitlock, Phys. Rev. A 82, 061606 (2010).
[49] W. Muessel, H. Strobel, M. Joos, E. Nicklas, I. Stroescu, J.
Tomkovicˇ, D. B. Hume, and M. K. Oberthaler, Appl. Phys. B
113, 69 (2013).
[50] R. Buëcker, A. Perrin, S. Manz, T. Betz, C. Koller, T. Plisson,
J. Rottmann, T. Schumm, and J. Schmiedmayer, New J. Phys.
11, 103039 (2009).
[51] Z. Hu and H. J. Kimble, Opt. Lett. 19, 1888 (1994).
[52] W. Alt, D. Schrader, S. Kuhr, M. Müller, V. Gomer, and D.
Meschede, Phys. Rev. A 67, 033403 (2003).
[53] F. Serwane, G. Zürn, T. Lompe, T. B. Ottenstein, A. N. Wenz,
and S. Jochim, Science 332, 336 (2011).
[54] T. Grünzweig, A. Hilliard, M. McGovern, and M. F. Andersen,
Nat. Phys. 6, 951 (2010).
[55] T. Puppe, I. Schuster, A. Grothe, A. Kubanek, K. Murr,
P. W. H. Pinkse, and G. Rempe, Phys. Rev. Lett. 99, 013002
(2007).
[56] R. Gehr, J. Volz, G. Dubois, T. Steinmetz, Y. Colombe,
B. L. Lev, R. Long, J. Estève, and J. Reichel, Phys. Rev. Lett.
104, 203602 (2010).
[57] J. Goldwin, M. Trupke, J. Kenner, A. Ratnapala, and E. A.
Hinds, Nat. Commun. 2, 418 (2011).
[58] D. B. Hume, I. Stroescu, M. Joos, W. Muessel, H. Strobel, and
M. K. Oberthaler, Phys. Rev. Lett. 111, 253001 (2013).
[59] V. Zakharov and A. Shabat, Sov. Phys. JETP 34, 62 (1972).
